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We present numerical results from a simulation of a granular collider experiment �B. Painter, M. Dutt, and
R. P. Behringer, Physica D 175, 43 �2003�� using a numerical model which accounts for substrate frictional
effects �M. Dutt and R. P. Behringer, Phys. Rev. E 70, 061304 �2004��. We find the gradual birth and growth
of a central cluster for the final state of the particles that depends on the system size, the substrate frictional
dissipation, and the initial average kinetic energy. For systems where a central cluster is observed in the final
state, the autocorrelation function C�r� of the interparticle spacing satisfies a Gaussian functional form C�r�
=Ae−�r/��2

. We also find that the fluctuation speed distributions adhere to a Maxwell-Boltzmann distribution for
times in the vicinity of collapse. Our results strongly indicate that the principal mechanism responsible for the
energy and momentum dissipation is the particle-substrate kinetic friction. Our findings reiterate the impor-
tance of considering the effects of substrate friction in particle-substrate systems, as shown by the agreement
between our numerical results with experimental findings of Painter, Dutt, and Behringer.
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I. INTRODUCTION

Granular materials have been the focus of research over
the past few decades due to the rich complexity of their
behavior, ensuing from their ability to support the simulta-
neous coexistence of solid and fluid phases �1�, among other
reasons. The presence of substrates can greatly affect the
dynamics of particles moving on them and accelerate the
overall cooling of the system �2�. Studies by Painter et al. �2�
on two particle collisions found that particles slip for an
interval of time after suffering collisions with one another
which resulted in an average loss of incoming energy of 63%
in a single collision with a 6% contribution from restitutional
effects and the remainder due to kinetic friction. The energy
loss was calculated from the time of collision until the par-
ticles stopped slipping. An explanation for this behavior lies
in the phenomenon of frictional frustration, which is the in-
ability to maintain nonsliding contacts between the colliding
particles and the substrate at the instant that the colliding
particles are in contact with one another �2�. Effects of the
substrate on the dynamics of an experimental cooling multi-
particle system are discussed in Ref. �3�. Painter’s results
emphasized the importance of including the role of the sub-
strate and provided deeper insight into the behavior of such
systems. Numerical studies �4–7� on cooling monolayers of
particles which attribute all the energy loss to restitutional
effects have provided insight into the dissipative nature of
these systems including clustering phenomena and granular
analogs to thermodynamic quantities such as temperature
and pressure. Other numerical studies �8–11� on vibrated
monolayers of particles have modeled particle-substrate in-
teractions via restitutional losses, viscous dissipation, or fric-
tion. These models have been successful in providing insight
into the behavior of these driven monolayer systems such as
velocity distributions and pattern formation.

In Ref. �12� we have presented numerical results for a
hypothetical quasi-2D cooling granular system comprised of
a monolayer of identical particles moving on a flat substrate

which is bound by inelastic walls. We have used our numeri-
cal model, in which we incorporated the effects of the resti-
tutional and substrate frictional dissipation, thereby, taking
into account frictional frustration. In this work, we have ap-
plied our numerical model to simulate a 2D cooling granular
experiment, namely, the granular collider experiment of Ref.
�3�. The relatively high degree of correlation between the
numerical and experimental results indicates the accuracy of
the numerical model in depicting the effects of substrate fric-
tion on the particle dynamics, in conjunction with restitu-
tional effects. Using realistic coefficients of rolling and ki-
netic friction, i.e., �r and �k, respectively, our numerical
results for the time evolution of the spatial structures and the
fluctuation speed distributions are in agreement with the ex-
perimental results. By correlating the fraction of the particles
in the slipping state and the rate of decrease of total kinetic
energy, we find that, typically, the energy loss is the highest
when most of the particles are in the slipping state. On sub-
stantially reducing �k to values associated with �r, i.e., re-
placing kinetic friction with rolling friction, and increasing
the restitutional losses to account for 63% of incoming en-
ergy loss, we find that the spatial structures no longer re-
semble those obtained in the experiments. Similar results are
obtained when substrate friction is replaced by restitutional
losses accounting for the experimentally observed 63% en-
ergy loss.

The structure of this paper is as follows. Section II pro-
vides a synopsis of the granular collider experiment and the
numerical simulation. Section III presents the numerical re-
sults with emphasis on spatial structures, speed distributions,
energy dissipation, and effects of reducing/neglecting sub-
strate friction. Section IV summarizes this paper with some
discussions and conclusions.

II. THE GRANULAR COLLIDER EXPERIMENT
AND THE NUMERICAL EXPERIMENT

A schematic diagram along with the details of the experi-
ment can be found in Ref. �3�. The experiment was designed
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to allow the particles �3.18 mm diameter steel spheres� to
simultaneously roll down a conic section-shaped rubber in-
cline onto a circular black anodized aluminum substrate of
radius 12.72 cm. This setup allows the particles to gain ki-
netic energy in a controlled fashion �via the height of the
incline� as they roll down the slope and onto the aluminum
substrate, where they collide among each other, losing en-
ergy and momentum and finally coming to rest. A typical
final state consists of a central cluster containing the majority
of the particles, with some additional outliers. When the par-
ticles begin moving on the aluminum substrate, the experi-
ment becomes a cooling granular system comprised of par-
ticles dissipating energy and momentum due to collisional
and substrate frictional losses. An example of the tracks of
the particles for the entire duration of an experimental run
with 150 particles can be found in Ref. �3�.

The model considered here links the collisional dynamics
with the substrate friction �12� in order to provide a numeri-
cal simulation that captures the salient features of the granu-
lar collider experiment. In the numerical experiment, we as-
sume our system to have a circular geometry where the
particles are moving on a substrate, emulating the aluminum
plate. The dimensions of the particles and the aluminum
plate are identical to those used in the experiment. The sys-
tem is not bound, enabling a particle to leave the system
altogether. For the initial conditions, we assume the particles
have rolled down the rubber incline and therefore, place
them in concentric rings at a radius corresponding to the
bottom edge of this incline. To each particle, we assign an
appropriate radially inward velocity �based on the height of
the incline� on which is superposed small random fluctua-
tions. Once the initial conditions are set, the particle dynam-
ics are determined by our numerical model. We use a hard-
sphere event-drive molecular dynamics algorithm as the
computational framework for the numerical experiment.
There are two types of interactions which can take place: �1�
interparticle collisions and �2� substrate interactions due to
rolling and slipping friction. From an algorithmic perspec-
tive, these two types of interactions define two types of com-
putational events: interparticle collisions and the slipping of
a particle between a collision and its return to the state of
pure rolling. At each iteration, a computation of all possible
future events is calculated, and the one occurring in the
shortest time interval is chosen as the next event. The type of
frictional forces and torques experienced by a particle will
depend upon its state of motion: pure rolling or slipping. In
addition to substrate frictional losses, the particles experi-
ence restitutional dissipation �4�. Additional details of the
model appear both in the Appendix and in Ref. �12�.

III. NUMERICAL RESULTS

We have explored the behavior of various system sizes
with different initial average kinetic energies and degrees of
dissipation. However, in this paper, we present results for a
500 particle system with �r=0.0025, �k=0.4, and height
�0.38 cm using velocity dependent coefficients of restitu-
tion �12�, unless specified otherwise.

A. Spatial distributions

At the onset of the simulation, all the particles have a
dominant radial velocity component which enables the par-
ticles to move radially inwards to the center of the plate,
simultaneously suffering many collisions. During the process
of these multiple collisions, the particles lose energy and
momentum due to restitutional and substrate frictional
losses; each collision is followed by a slipping phase for both
the participating particles. Kinetic friction, apart from being
highly dissipative, is also responsible for curving the trajec-
tories of the particles, leading to interesting spatial patterns;
with rolling friction, it also guarantees that all particles come
to rest in a finite amount of time. The temporal evolution of
the spatial pattern during a typical simulation run is shown in
Fig. 1. On average, the particles move radially inwards to-
wards the center of the substrate resulting in a collapse. The
multiple collisions suffered by the particles during their in-
ward motion sustain the thermal component of the particle’s
velocity, which, nevertheless, remains small compared to the
dominant radial velocity component. After collapse, a large
fraction of the particles remain trapped in the central cluster,
with only a few particles escaping the system, or moving to
the periphery of the central cluster. As the formation of the
central cluster occurs, particles trapped there have many
more nearest and next-nearest neighbors, as compared to
those in the periphery, resulting in multiple collisions which
randomize the directions, although not so much the magni-
tudes, of their velocities. Particles in the periphery may scat-
ter from the cluster or simply remain in the periphery.

The various factors which influence the evolution of the
spatial configuration are the number of particles used in the
numerical experiment, the coefficient of substrate friction,
and the incoming kinetic energy of the particles, as set by the
height of the incline �h, with the initial average particle speed
v given by v= �2hg where g is the acceleration due to grav-
ity�. With increasing numbers of particles in the system, the
final system state evolves from particles scattered all over the
substrate to particles grouped in a single large central cluster
�with very few particles or small-sized clusters at the periph-
ery�. The effects of substrate friction and the incline height
for a given number of particles are summarized in Fig. 2.
Changes in these quantities have the expected effects. Higher
values of �k increase the substrate frictional dissipation suf-
fered by a particle after a collision, and lead to increased
confinement of particles in the central cluster or a fewer
number of particles leaving the cluster. Increasing the initial
average kinetic energy allows the particles in the periphery
of the central cluster to rebound, or scatter away from the
cluster, overcoming the frictional dissipation and eventually
leaving the system.

The number of particles in the numerical experiment
strongly influences the formation of the central cluster, which
is the dominant final feature. However, if the particle number
is too small, the cluster is weak or nonexistent. Simulations
for 150 particles ��r=0.0025, �k=0.232, 0.4� and 100 par-
ticles ��r=0.0025, �k=0.4� show some weak signs of a final
cluster. However, simulation for the 100 particle system
��r=0.0025, �k=0.232� did not show a strong cluster, and
indeed, was characterized by rolling motion of free particles
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when the simulation was terminated. The radial and number
density profiles of the final spatial configuration, as shown in
Figs. 3 and 4, summarize the strength of clusters as a func-
tion of the system size and kinetic friction.

An important feature is the spatial structure associated
with the formation of the cluster. Insight into this issue can
be obtained by looking at variations of the particle positions
about the center, and by the autocorrelation of the inter-
particle positions. Figure 5 plots �r, the root mean square
distance �r.m.s.� from the center of mass �c.m.� of the system
in the final state, as a function of time for 200, 400, 600, and
700 particles. The common theme for the various system
sizes is the monotonic decrease in �r with time until �r
reaches a minimum �at the point of collapse�. After collapse,
an interesting rebound effect is observed as the central clus-
ter shows an effective dilation due to the particles trapped in
the cluster recoiling after impact. With increasing number of
particles in the system, the change in �r after collapse de-
creases. The decrease in the fluctuation about the c.m. with
an increase in the number of particles emphasizes that the
dilation of the cluster has an inverse dependence on the num-
ber of particles. Similarly, the time at which collapse occurs
is dependent upon the number of particles in the system, the
substrate friction, and the height of the incline. Figure 6 plots

FIG. 1. Spatial configurations of the particles for times �a� t=0.0 s, �b� t=0.38 s, at collapse �c� t=0.78 s, �d� t=3.75 s, the simulation has
stopped.

FIG. 2. Fraction of the particles remaining in the system once
the simulation stops as a function of the number of particles used in
the numerical experiments. H1: height=0.381 cm, H2: height
=0.762 cm, H3: height=1.524 cm. A: �r=0.0025, �k=0.232; B:
�r=0.0025, �k=0.3; C: �r=0.0025, �k=0.4.
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the time of collapse, i.e., the time interval between the com-
mencement of the simulation and the r.m.s. distance about
the c.m. attaining a minimum value, as a function of the
number of particles at different values of �k and the height of
the incline. The time to collapse for low initial average ki-
netic energy grows gradually with increasing values of �k
and the number of particles.

The time evolution of the spatial correlations of the par-
ticles in the system provides a quantitative measure of the
behavior as a function of the number of particles, the coeffi-
cients of friction, and the initial average kinetic energy. The
spatial correlation is quantified by the spatial autocorrelation
function c�r��=���x����x� −r��dx�, where ��x�� is the density of
particles, which is calculated by summing over delta func-
tions at the particle centers. c�r�� is then averaged over all
angles and normalized by the number of particles in the sys-
tem N to give C�r�. The autocorrelation function C�r� gives
the distribution of particles in the system relative to each
other and is extremely useful in providing insight into the
formation of coherent spatial structures. Figure 7 shows how

the spatial correlations evolve with time, with each curve
representing the spatial autocorrelation function C�r� at a
given instant. At t=0 s, there are two peaks: one peak occur-
ring at a large r �r�76–78�, and the other occurring at a
lower r �r�1–2�. The latter represents contributions from
the nearest neighbor distances, and the former represents par-
ticles that are diametrically opposite to one another �sepa-
rated by the diameter of the plate�—see Fig. 1�a�. As time
progresses, the outer peak �the peak occurring at a large r�
occurs at decreasing values of r until C�r� reduces to a single
peaked structure. This is a manifestation of the particles
moving towards the center of the plate in a coherent manner
until they suffer collapse in the center of the substrate. After
the initial collapse, the functional form of C�r� with time

FIG. 3. Radial density profile for the final spatial configurations
of simulations carried out with different number of particles and
values of �k and �r, as indicated, in the legend.

FIG. 4. Radial number profile for the final spatial configurations
of simulations carried out with different number of particles and
values of �k and �r, as indicated, in the legend.

FIG. 5. The r.m.s. fluctuation about the center of mass position
of the particles for 200, 400, 600, and 700 particles with �r

=0.0025, �k=0.4.

FIG. 6. A plot of the time at which the r.m.s fluctuation about
the center of mass position is at a minimum as a function of the
number of particles. H1: height=0.381 cm, H2: height=0.762 cm,
H3: height=1.524 cm. A: �r=0.0025, �k=0.232; B: �r=0.0025,
�k=0.3; C: �r=0.0025, �k=0.4.
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depends on the initial number of particles in the system, the
coefficients of friction and, the height of the incline. With
increasing initial number of particles, C�r� remains invariant
until a certain value of r ��17–18�—let us call this
rc—beyond which C�r� tends to spread out with time prior to
the simulation coming to a halt. This behavior can be ex-
plained by considering the overall particle dynamics after
collapse. Once collapse occurs, the central cluster traps a
very large number of particles which suffer rapid collisions
among themselves—losing energy and momentum. Thus,
there is very little change in the position of the particles
trapped in the cluster in the interval commencing from the
time of collapse to the end of the simulation, accounting for
C�r� remaining essentially invariant for the regime r�rc.
However, the few particles that managed to escape the cen-
tral cluster account for the spreading out of C�r� in the tail
r�rc. In general, we have found the spatial autocorrelation
function C�r� for the final states of a wide range of system
sizes approximately adheres to an exponential functional
form C�r�=Ae�−br� for smaller system sizes as opposed to the

Gaussian functional form C�r�=Ae−�r/��2
for larger systems.

Figure 8 summarizes the evolution of the spatial autocorre-
lation function C�r�, for the final states, with various system
sizes. The transition in the functional form of C�r� occurs for
a system size between 200 and 300 particles.

Figure 9 plots the location of the C�r� peak occurring at
the higher value of r as a function of time, for time intervals
spanning the beginning of the simulation to shortly before
C�r� becomes a single peaked function. Each set of points in
Fig. 9 is for a different value of the initial average kinetic
energy. For a given initial average kinetic energy, the veloc-
ity of the C�r� peak, given by the slope of each set of points,
is almost constant, and is found to be almost independent of
the number of particles. Before the double peaked structure
in C�r� disappears, the particles in their annular arrangement
move coherently, i.e., almost as in a single composite struc-
ture. This is a manifestation of the initial conditions impos-

ing a dominant radial velocity component to each particle,
with minimal slipping. As one might expect, the slope of
each set of points decreases with the incline height. Table I
compares the ratios of the slopes of the curves in Fig. 9 to
the initial average speed for a given height. The ratio has an
approximately constant value of 2 for the various incline
heights. Thus, the annular structure is composed of particles
which are moving diametrically towards one another and
which maintain a speed that is approximately that of the
initial average particle speed.

B. Speed distributions

Cooling granular materials exhibit speed distributions
which evolve with time in a manner that depends upon many

FIG. 7. A plot of the autocorrelation function C�r� vs interpar-
ticle distance in the units of particle diameter at different instances
of a simulation, for 500 particles.

FIG. 8. A plot of the autocorrelation function C�r� vs interpar-
ticle distance in the units of particle diameter at the final spatial
configuration for simulations carried out with different number of
particles N �as shown in the legend�. The friction coefficients for
N�100 are all �k=0.4 and �r=0.0025. For N=100 and N=200,
C�r� is overlapping �up to r�18, where C�r� stops for N=100�.

FIG. 9. The position of the peak amplitude of the spatial auto-
correlation function C�r� �at the higher interparticle distance� as a
function of time.
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aspects, including the initial conditions of the system in
question. Speed distribution measurements are useful indica-
tors of departures from molecular chaos. Particles in our sys-
tem typically cannot be treated as a thermodynamic gas
�whose speed fluctuations u� =v� − 	v�
 satisfies the Maxwell-

Boltzmann �MB� distribution in 2D P�u�=Aue−Bu2
� due to

the spatial inhomogeneity and correlations in the particle ve-
locities. Although each simulation begins with a MB distri-
bution, the material is unable to maintain that distribution
over a prolonged period of time, due to the high rate of
energy and momentum dissipation �made significantly higher
by the presence of a substrate�.

We plot representative distributions at different instances
of a numerical experiment for which collapse occurs at t
=0.384 s in Fig. 10. For early times, t�0.1226 to �0.2137 s
�Figs. 10�a� and 10�b��, most of the particles have mean fluc-
tuation speeds �30 cm/s due to the dominant radially in-
ward flow, with an initial speed of 38.66 cm/s. As the par-
ticles collide, their velocities become increasingly
randomized to the extent that the fluctuation speeds fit a MB
distribution. For times close to but before collapse, the fluc-

tuation speed distribution continues to approximate a MB
distribution. After the collapse, the fraction of particles in the
lower speed/fluctuation speed range grows dramatically, and
the distribution ceases to be even approximately MB. This is
demonstrated by the exponential fit that the fluctuation
speeds satisfy at t=0.7201 s. Eventually, all the particles will
come to rest in a finite time.

C. Energy dissipation

On account of the difference in energy dissipation for roll-
ing vs slipping particles, it is useful to consider the popula-
tions of these two states, as compared to the rate of kinetic
energy dissipation. Figure 11 compares the fraction of par-
ticles in the slipping state and the rate of decrease of total
kinetic energy as a function of time. From 0.03 s onward,
these two quantities shadow each other. For earlier times,
dissipation exceeds slipping fraction �on the indicated scales�
implying that collisional losses must be dominant. Interest-
ingly, there is a time interval from �0.03 to �0.2 s when
dissipation and slipping are declining. This lull is terminated
dramatically by the event at t�0.3 s. The peak that occurs
for t�0.3–0.4 s is after collapse when all the particles are
trapped in or close to the central cluster, and are suffering
numerous collisions. At other times when the fraction of par-
ticles in the slipping state is less than 0.5, the energy and
momentum losses are dominated by rolling friction and col-
lisions. This indicates that kinetic friction is responsible for a
large fraction of the energy and momentum dissipation in
these systems, as further highlighted in Sec. III D.

D. Effects of significantly reducing substrate friction

An interesting query concerns the consequences of sig-
nificantly reducing or removing substrate friction, or replac-

TABLE I. Comparison of the ratio of the slope �m� of the data
sets for each height �h� in Fig. 9 normalized by the average initial
speed for the given height; d is the particle diameter �=3.18 mm�.

h �cm� Slope m �d/s� v0= �2gh�1/2 �m/s� m /v0

0.381 −157.4736 0.2734 1.8316

0.762 −233.9034 0.3866 1.9237

1.524 −342.6594 0.5468 1.9927

FIG. 10. Fluctuation speed distributions P�u�
vs u at times �a� t=0.1226 s, �b� t=0.2137 s, �c�
t=0.3525 s, �d� t=0.3623 s, �e� t=0.3719 s, �f�
t=0.3841 s collapse, �g� t=0.4210 s, �h� t
=0.5251 s, �i� t=0.7201 s. The dots represent the
numerical data points; the lines in �c�–�h� have
been fitted to the MB distribution: and the line in
�i� has been fitted to an exponential. �Note the
change of scales for P�u� in the bottom row. The
initial inward speed was 38.66 cm/s.�
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ing dissipation by substrate friction with the appropriate res-
titutional coefficients which would lead to realistic
percentages of energy losses �which Painter et al. �3� found
to be about 63%�. Figure 12 shows the final spatial states for
four systems, each consisting of 500 particles with different
frictional and restitutional coefficients. Figure 12�a� gives
simulation results for �r=�k=0.0025 with realistic velocity-

dependent restitution coefficients; Fig. 12�b� gives results for
�r=�k=0.0025 with restitution coefficients which accounted
for 63% energy loss at a collision; Fig. 12�c� gives results for
zero substrate friction with velocity dependent restitution co-
efficients and Fig. 12�d� with zero substrate friction with
restitution coefficients which allowed for 63% energy loss.
The objective of the simulation for Fig. 12�d� is to simulate
the effect of only restitutional losses that are as large as
would occur on average in the presence of realistic kinetic
friction. We find that all the particles escape from the system
as the collisional and frictional losses are not sufficient to
confine all the particles in the central cluster after collapse.
By using the same small values of �r and �k but restitution
coefficients which allowed energy loss of 63%, the confine-
ment or clustering increases due to the higher restitutional
losses, and the larger linear and angular velocity changes
which result in longer slipping times. However, the confine-
ment of the particles is not as effective as for those simula-
tions using realistic values of �r and �k, and velocity-
dependent coefficients of restitution. Thus, removal of
substrate friction or lessening of kinetic friction reduces par-
ticle confinement significantly.

The obvious effect of reducing the friction ��r=�k

=0.0025� while using velocity dependent restitutional coef-
ficients is that most of the energy loss comes from restitu-
tional losses and not substrate frictional losses as demon-
strated in Fig. 13. Figure 13 is a plot of the average collision
rate �normalized by the maximum value�, fraction of the par-
ticles in the slipping state, and rate of decrease of total ki-
netic energy as a function of time for a 500 particle system.
Even though the fraction of particles in the slipping state
remains at a high value for a prolonged period of time �on

FIG. 11. A plot of the fraction of particles left in the slipping
state and the rate of decrease of total kinetic energy as a function of
time. The rate of energy decrease has been scaled by the maximum
value.

FIG. 12. Final spatial configu-
rations for simulations using 500
particles with �a� �r=0.0025, �k

=0.0025 and velocity dependent
restitution coefficients; �b� �r

=0.0025, �k=0.0025 and restitu-
tion coefficients which account for
63% energy loss; �c� �r=0.0, �k

=0.0 and velocity dependent resti-
tution coefficients; and �d� �r

=0.0, �k=0.0, restitution coeffi-
cients which account for 63% en-
ergy loss.
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account of the low value of �k and hence, longer slipping
times�, the peaks in the rate of decrease of total kinetic en-
ergy coincide with those for the average collision rate.

IV. DISCUSSION AND CONCLUSIONS

A. Comparison to experiments

A comparison between the numerical and experimental
results provides insight into the physical accuracy of the nu-
merical model. One point for comparison is the variation in
the final spatial states with the system size. Here we consider
Fig. 1–4 vs Fig. 7 from Ref. �3�; both show similar trends of
decreasing fractions of particles escaping the central cluster
with increasing cluster size. We have also found agreement
in the evolution of the spatial structures in both the simula-
tions and experiments. Figure 14 shows the time evolution of
the autocorrelation function C�r� for a single realization of a
numerical simulation using a 400 particle system. �The nu-
merical simulation for the 400 particle system used the fol-
lowing parameters: �r=0.0025, �k=0.232 and height
=0.38 cm.� Figure 14 can be compared to an analogous
single experimental realization using 400 particles �Fig. 8 of
Ref. �3��. Since the normalization of the two data sets differs,
we appropriately rescale the numerical results and we find
that the two calculations show reasonably good agreement.
We also find qualitative agreement in the time evolution of
the fluctuation speed distributions for a 400 particle system
�Fig. 28 in Ref. �3� and Fig. 10�. Certainly, the agreement
between our numerical results and the experimental results
depends strongly on the inclusion of realistic values of �k.

B. Conclusions

In this paper we have presented results from our numeri-
cal simulations of the cooling granular experiment �3�. These

simulations use a numerical model which allows us to link
the details of the restitutional and substrate frictional effects
on a multiparticle-substrate system �12�.

We find that this system exhibits interesting spatial struc-
tures, in particular the formation of a dense central cluster,
with increasing particle number, with increasing coefficient
of kinetic friction �k, and more weakly, with decreasing
height of the incline. These changes affect both clustering
and the fraction of particles left in the system at the end of
the simulation. We find that the fluctuation speed distribu-
tions of the system fit a MB distribution indicating that the
particles undergo thermalization shortly before and after col-
lapse; subsequently, the fluctuation speed distributions be-
come decaying exponential functions as a significant fraction
of the particles in the clusters have cooled but the particles in
the periphery of the clusters are still energetic. For realistic
frictional values, the rate of energy loss is the highest when
most of the particles in the system are in the slipping state,
which is one of the indicators of the highly dissipative nature
of kinetic friction. When �k is reduced to 0.0025 �=�r�, most
of the particles escape the system after collapse; however, by
introducing high restitutional losses some clustering is ob-
served.

In summary, these results underscore the importance of
including the effects of substrate friction to properly under-
stand the behavior of multiparticle-substrate systems. It is
equally important to be able to link the phenomena of sub-
strate friction to the restitutional dynamics in the system. The
general framework of this model can used to study other
multiparticle-substrate systems.

FIG. 13. The time evolution of the average collision rate, the
fraction of the particles in the slipping state, and the rate of decrease
of total kinetic energy for a 500 particle system with �r=0.0025,
�k=0.0025 and velocity dependent coefficients of restitution.

FIG. 14. The spatial autocorrelation function C�r� for a system
of 400 particles at different instances of a single numerical realiza-
tion ��r=0.0025, �k=0.232 and height=0.381 cm�. The inset
shows C�r� as a function of the radial distance r �particle diameters�
for a single realization of the experimental and numerical runs using
400 particles. The numerical simulation has been carried out using
�r=0.0025, �k=0.232 and height=0.381 cm. The experimental
data is from Painter and is indicated by the E.
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APPENDIX

The two special cases for the binary collision rule for two
spherical particles i and j with different masses �mi�mj� of
radii a, positions r�i and r� j, linear velocities v� i and v� j, and
angular velocities 	� i and 	� j, respectively, is given as follows.
�1� For collisions of two particles, i and j with identical
masses, i.e., mi=mj, the collision rule is �15�

v� i� = v� i −
1 + 


2
v�n −

q

2

1 + �

1 + q
�v� t + v�r� , �A1�

v� j� = v� j +
1 + 


2
v�n +

q

2

1 + �

1 + q
�v� t + v�r� , �A2�

a	� i� = a	� i +
1 + �

2�1 + q�
n̂ � �v� t + v�r� , �A3�

a	� j� = a	� j +
1 + �

2�1 + q�
n̂ � �v� t + v�r� . �A4�

�2� For particle-wall collisions �as walls are infinitely mas-
sive�, i.e., mj mi

v� i� = v� i − �1 + 
�v�n − q
1 + �

1 + q
�v� t + v�r� , �A5�

v� j� = 0, �A6�

a	� i� = a	� i +
1 + �

1 + q
n̂ � �v� t + v�r� , �A7�

a	� j� = 0, �A8�

where

v�c = v� i − v� j − a�	� i + 	� j� � n̂ ,

n̂ =
ri − rj

�ri − rj�
,

v�c� · n̂ = − 
v�c · n̂ ,

v�c� � n̂ = − �v�c � n̂ ,

v�n = n̂�v� i − v� j� · n̂ ,

v� t = v� i − v� j − v�n,

v�r = − a�	� i + 	� j� � n̂ ,

v�c = v�n + v� t + v�r.

For particle-wall collisions, the normal unit vector n̂ is the
unit vector perpendicular to the wall surface pointing from
the contact point with the wall to the center of the particle.
We attach a coefficient “p” or “w” for particle-particle or
particle-wall collisions. Further details can be found in Refs.
�13–16�.
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